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856. 
NOTE ON A CUBIC EQUATION. 


[From the Messenger of Mathematics, vol. xv. (1886), pp. 62—64.] 


CONSIDER the cubic equation 
æ +3cæ+d=0; 


then effecting upon this the Tschirnhausen-Hermite transformation 


y = aT, + (æ + 2c) T,, 
the resulting equation in y is 
y + 3y (cT? + dT, T, — °T?) 


+ dT} —6¢TT, — 3cdT,T? — (d + 2) T? = 0, 
and this will be 


yè? + 3cy +d = 0, 
c= cl? + dT7,T, — eT}, 
d= dT — 6¢T/T, — 3cdT,T.2 — (d? + 2c*) T}, 


if only 


equations which give | 
(Œ + 4e) = (d? + 4) (TP + 3e7,T;? + dT,°), 
viz. assuming that d?+ 4¢ not =0, this is 
1 = T? + 30T,T? + dT}. 
Hence the coefficients 7,, T, being such as to satisfy these relations, the equation 


in z is identical with the equation in æ; or, what is the same thing, if a, B, y are 
the roots of the equation in æ, then we have between these roots the relations 


B=aT, +(e + 2c) T, 
y = BT, + (B? + 2c) T,, 
a = yT, + (° + 2c) T,, 
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viz. the general cubic equation «*+3cx+d=0, adjoining thereto the radicals 7,, T, 
may be regarded as an Abelian equation. 


In particular, if c, d=-— 1, 1, then we may write 7,=0, 7,=1; the cubic equation 


is here 
e+ 32—1=0, 


and the roots a, 8, y are such that B=a?—2, y= -— 2, a=-°—2; in fact, taking 0 
a primitive ninth root of unity, 0°+6°+1=0; we have a, B, y=0+ 0, +0, H+ 6; 
values which satisfy æ? + 3æ— 1 = 0, and the relations in question. 


The same question may be considered from a different point of view. Take the 
transforming equation to be 
y = A + Ba + Co’, 


then assuming that the values of y corresponding to the values «=a, B, y are 
B, y, a respectively, we have 
B=A+Ba +02, 


y =A + BB+ Cp, 
a = A + By + Cy, 


and the transforming equation thus is 


y, E E [=O 
Fo hy) ig ee 
YY LB 
I! RG O a 


This may also be written 
(B-)(y—-4)(a—B) {y-4(@+B+7+2)} 
= — BP + oa? ELR — 3 (Boy + Bo? + at yo? + R + af?) 
+a {e+ B+ P —F(Byt Byp+ fat ye + eB + a6") 
+a {By + ya + aß — (+ ety). 
We have 
(B — yf (y—a}(a— Bf = aa (ad + 4ac’ + 4b’d — 3c — babed), 


— 27 
E j 
or, say 
3 PRS | 
(8-1) (y¥-a) la- pE ya, 
if A be the discriminant, and œw an imaginary cube root of unity, {(w — œ} = — 3}. 
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The remaining functions of a, 8, y are of course expressible rationally in terms 
of the coefficients: we have 


Sey = = (— 6bd + 9c*), 
Spy = Z (— 3abd — 18ac? + 27b°c), 
ah ies A (— 8a%d + 27abe — 27%), 


SB = * (Bad ~ 9be), 


3 
Spy =”, 


a = 5 (9b? — 6ac), 


and the final result is 
4 (w — œ) /(A) {2a (y + æ) + 3b} = — abd + 4ac? — 3b*c 
+a (— ad + Tabe — 6b?) 
+æ( 2a — 2ab?); 
viz. we have thus an automorphic transformation of the equation 


aa? + 3ba? + 307 + d = 0. 
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